Answers to problems

Problem 2.1 The integrand in equation (2.53) may be expressed as
pv-Div+pDiu+V-H-V.(v-o)—h—-f-v=0.
Writing the term V - (v - o) in index notation, we have
V. (v-o) =V o)
= Uj iji + Uji Vi’l)j .
=v-(V.o)+0:G.
Thus the full expression may be rewritten in the form
v-(pDiyv—-V -0 —f)+pDju+V-H-0:G—-h=0,

in agreement with equation (2.54).
Problem 2.2 Conservation of energy (2.56) is readily translated in Eulerian coordinates
and index notation as

To obtain the Lagrangian version, we multiply by the Jacobian J and use the relation-
ship U = Jpu and define h = Jh, and H! = JH (F~ Y, = J H' . We find

Jp(Opu—+v' Viu) + JVH = Jo'; G +h.
Next, we use the fact that A
007U = J p (Oyu + v' Viu)
such that we have . ' o
o0rU + JV;H' = JO'lj G +h.

Next, we use expression (1.92) and relationship (2.12) between the Cauchy stress and the
first Piola-Kirchhoff stress to write

Jaij G = Jao) Gij
= Jod (F~ Y 0rF';
=B orF'y,
and so
60U + JV;H = P opF 4+ h.
Finally, we have
JV;H' = JV;H!
= JorH' + 1%, H!
= 0;(JH) —H orJ + I, H!
= OrH + (), —J Y orJ) H'
= orH' + 17, H'



where in the last equality we used (1.168). Thus we finally obtain the desired result:
607U + Vi H! = P orFi; + b,

where %IH[ = 811{[[ +IO‘§JI;TJ.
Problem 2.3 From equation (2.97) we find that

09K L ookt ., ) 00"
- = — 0 0 A
0010 Ikt 20,0 LY+ Gre Ok 90,5

= gre 6" i 0%; O’ + gre Ok o™ 071, 0,
= gij 6" ik 0L’ + 9ij Ok’ 6'1
= (6", 67 + 6107 k) gij D57

in agreement with (2.98).
Problem 2.4 Upon dividing equation (2.102) by the Jacobian of the motion J and using
equations (1.238), (2.12), and (1.98), we find

oU
PorU =2P <6> orgry = o' orgry,
9gri) s

where o/7 are defined by (2.106). The tensor version of this expression is equation (2.105).
Problem 2.5. Expressed in Lagrangian components, equation (2.109) is

orol? + (Vo) ol? = a!75L Dy .
According to (F.154), in Lagrangian coordinates,

(Cvaﬁ)l‘] = orol’ = (Dtaﬁ)u — o8IV ol — K 0!
_ (Dta_ﬁ)lj KT Gl — oK G e
and thus
(Dto-ﬁ)IJ . GIK O,KJ —O'IK GJK + (VKUK) O'IJ _ aIJKL DKL-

The tensor form of this is equation (2.111). Using the decomposition (1.84) and the defini-
tion of the Zaremba-Jaumann rate (1.118) then leads to equation (2.112).

Problem 2.6. Setting D = 0 in equation (2.112) immediately leads to the desired expres-
sion (2.113).

Problem 2.7. Upon substituting relationship (2.6) into equation (2.114), we find

or(J 1)+ (Vo) (T 71y = g topr!) — 7271 0pd + (V™) (771 717)
— "KL Dpy
where we used the evolution equation (1.164). This result is in agreement with equa-

tion (2.115).
Problem 2.8. Upon setting D = 0 in equation (2.118), we find that

Lya=0.



According to (F.154), in Lagrangian coordinates,
(ﬁva)IJKL —_ 8TCLIJKL
— (D)KL — MIKL g T (IMEL g ] qIIMLG K KM gL

— (Dta)IJKL o aMJKL GIM _ CLIMKL GJM _ aIJML GKM o a[JKM GLM

Upon setting D = 0 in this expression, we find that
(Loa)l 7KL = (Dya)l /KL — oMIKLyyI  (IMKLyyJd,  (IIMLyK, G IJKM gL,
I NIJKL
= ("a)
pu— O7

in agreement with equation (2.121).
Problem 2.9. As stated after equation (2.125), the assumption is that the elements of the
elastic tensor Z//XL are independent of the convected time 7. Thus, trivially, dp=//KL =
0, which has the tensor expression (2.133).
Problem 2.10. We have, using (2.155), (2.156), and (1.327),
o' =c’:E;

= %cijkgmnek Nnel ®e™ /\e”:%Ejpep‘"eq A e,

= L Y pinn Ejp @7 (6™ 6" — 67 0™,) e A et
= icijkgmn Ejp P e k A\ e
= % cPid €pkt €gmn Ejr €
= % i Epkt 5rq Ejr e nef

1 4 k 4
= 502p6pkge ANe .

rmn ek A eZ

Problem 2.11. Upon dividing the Euler-Lagrange equation (2.177) by the Jacobian of
the motion J, using the Lagrangian version of conservation of mass (1.238), and prop-
erty (1.168), we find

J—l(po O%goi _ g, _ pil FOK)
= POy’ —or(J P!
= PoFy' —or(J ' P!
= POt — oy (JtPY

2pilgrg — g P Tk
Lpi (k. — 10y — j=tpid 0k
1PzI FIK

)—J~
)—J~
) —
Next, upon substituting relationship (2.180) between the first Piola-Kirchhoff stress and
the Cauchy stress we obtain

P@%(pz _ a] PZI) IPiI FK

= p (o' + 7 9v') — F'1 00" — o 9;F  — Fipol/ TR,
p (O’ + 07 90%) — Fip 90" — o Fip(FY 0, F i — Fip ol K,
p (0" + 07 9jv') — F'y (a]UIJ+UKJF5K+UIJF5(K)
p(atv +v38v1) FIVJU

= p (O’ +v? 9jv') —

=0



where we have used equations (1.48) and the definition of the covariant derivative.
Problem 2.12. Using Nanson’s relation (2.183) in (2.178) yields

[P o) " dS = [J7VFi P ay] " ds
= [0 7j]" ds.
The tensor form is (2.183).

Problem 2.13.
We start with (2.199), the Eulerian form of conservation of linear momentum, namely

Bi(pv') = Vi(0” —pv'v!) +pg'.
The Euler derivative of the mass flux in Eulerian spatial components is given by
[de(pv))" = d(pv').
We use the Euler derivative in Lagrangian spatial components (1.110) for the mass flux pv:
[de(p V)] = Or(v’) =07 YV (0v!) + 0v? V0!

Using this transformation, we may rewrite conservation of linear momentum in the La-
grangian form

or(ov!) — v V(ov!) + 0v! Vol =V (0! — vl v?) + 04" .
Rearranging these terms leads to the desired expression:
or(ovh) 4+ o (Vv v! + 00! Vvl =V 6! + 04" .
Problem 2.14. According to (1.214), we have
gp' = Lop' +p/ vV V!
= Ly(ov' €) +0v/ V; Ve
= ov! Lye+[0r(ov!) + 0v! V Ve
= [0r(ov!) + 0v! V VI 4+ 0v! Vvl €.
This is the left-hand side of expression (2.202). We also have
Do! =do! +Ti A0’
= d(%a”eJKLeK/\eL) + %P{VJUJMEMKLGN/\GK/\GL
= %a]\/[ (Ulja) QEJKLeM/\eK/\eL—i-FfwaJM(SMNe
= (Qm” + 07 G0,G + Ff\MoJM) €
= (Qm” + o 5 + T, O'MJ) €
= Vo'l e,

where we used relationships (1.136), (G.57) and (D.117). Finally, using f/ = og’e, we
obtain the desired result.



Problem 2.15. Expressed as a matrix, the determinant of equation (2.213) is

14 € 80)\01, €’ 81)\01, €’ 82)\01, €’ 83)\01,

OX'H e” 80)\1,/ 1+¢€¥ 81)\1,/ ev 82)\1,/ €’ 63)\1,,

‘ oxXv €’ 80)\2V €’ 81)\21, 1+ ¢ 82)\2V lad 83)\2V
€’ 80)\3,, ev 81)\3,/ ev 82)\3,, 1+¢€¥ 83)\3,,

~ (14 € 9A%) (1 + € NAL) (1 + € 902,) (1 4 ¥ 9303,)
~ 1+ € 0\ + €/ 0N, + € 002, + € 0303,
=1+€e"0,\,

where we retained only first-order terms in €” .

Problem 2.16. For a translation in space (2.210), we use A°, =0, Mo=0,and \; =67;
in the generic change (2.212). Thus, setting v = I in equation (2.223) we find

80][0 + GJJ]J =0,

where the current density has components

oL

J° = - 97t
I 86T§0Z ¥ ,
oL )
Jr’ = 019" — 671 L
I 90,00 I L,
as stated.
Problem 2.17. We have
oL A . .
J0 = 010" = p° Op? B0t 6y
I D0rg 1P = p Ory’ Orp 045,

and so A ‘ ‘ A
OrJi" = p° 03¢ 01 6ij + p° Or? Ororg’ 8ij .
We also have
oL

7 i e Ja. i s] 01 i ;
S R X R 670 (2 IS, —U),
Jr 90,0 Orep I Orp 10° (500" 0y’ 65 — U)

and so
017 = —0;P7 010" — P 0;010" — (019°) (301" Ore? 655 — U)
— 2 Ory' 01 Or? 6ij + Pl 05019" + p° 01U
= — 0P 01¢" = (819°) (5 Or¢' Or? 65 — U)
— p 07" 01 Or¢? 655 + p° 01U .
Upon combining the expressions for d7.J;° and 0;J;” , we find equation (2.229).

Problem 2.18. For a translation in time (2.209), we use A% = 1 in the generic change (2.212);
all other elements vanish. Thus, setting v = 0 in equation (2.223) we find

aoJoo + a]JOJ =0,



where the current density has components

oL »
0= : L
Jo 907 Ore ;
oL .
J _ i
J() = 68]@2 aTQO .

Problem 2.19. Start by writing out (2.268), assuming Cartesian Eulerian coordinates for
simplicity ‘ ‘ ‘
%ﬁv(UQP) +Lye=v'f;+h+dv* Ao; +v"'do; — dH,

where p denotes the mass three-form (1.224), which is conserved, (1.228). Thus, we have,
(vai)vip—kﬁve =0 fi+h+dv' Aoy + 0 do; — dH,,
or, again using conservation of mass, Lyp =0,
v (Lyp; —do; — ') + Lye =dv' Aoy — dH,

where p; = v; p = pv'e. Upon using the form version of conservation of linear momen-
tum (2.196), we obtain the desired result for conservation of energy.
Problem 2.20. Given the Lagrangian density (2.360), we have

oL o
8075 P’ (Or@” + € Q™ ™) 635,
oL ,
- = 7-P7, )
001"
oL

= pO Egki Qk (aTQDj + €jmn am Son) 6€j )

Ot
and thus the Euler-Lagrange equations (2.361) are

9 oL N o0 9L oL
OT &gt~ XTI 9d1pt D

= " 07¢7 65 + p° €imn Q" O™ — O P
— 0" €k O 01T — p° € UF € Q" "
= po 6%90j 51‘]‘ + PO €ijk o aTSOk - 8]BI
+ " €iji V7 OrF + p° €1k U €F p U O™
= po (3%(,0j 5@']’ + 2 eijk Qj 8T<,0k + eikj Qk Ejmn Qm gan)
- BI-PZ'] )
in agreement with (2.362).
Problem 2.21. Upon taking the gradient of (2.365), we find, working in Cartesian spatial
coordinates and using r = (22 4 32 + 22)%/2 and V;r = r; /7,
Vi = — [Q*r; — (1) Q]
= - (5% 5jm - 5zm 6][) Te Qj Qm
= — €ijk €htm 70 25 O
=[x (2 xr)];.



Problem 2.22 In Cartesian coordinates, we have

1 -1/2
=g ==+ W—v)+(—72) 2
Therefore, for example
0 1 —3/2
%M:—[(x—x’)2+(y—y’)2+(z—z’)z] / (z —a').

Using this result, equation (2.372) follows directly by taking the negative gradient of equa-
tion (2.371).
Problem 2.23. To prove relationship (2.389), we find from equation (2.386) that

88K(pk_ k 88K5L
90,51 0 L7908

=" 67k 6b =0"167k .
To prove relationship (2.390), we find from equation (2.387) that

=2 1) 15) 1)
90,50~ 2 gaysr O L+ OLsT)omN
= 25‘][{ (5M] (5NL + aLSN) OMN

= 25‘][{(5[[, —|—2(5JK(5N18LSN.

Thus

anSI 6QKL BaJsf
= 7557 i 611, 4+ 67 ) S 1 Ops™)

K K L
= O T 75 Oy st oy

in agreement with (2.390).
Problem 2.24.

The variations related to rotation were determined in Problem 2.20, and the variations
due to gravitation are given in Section 2.8.3. Combining these two contributions for the
motion in terms of the displacement yields the desired results.



