
Answers to problems

Problem 2.1 The integrand in equation (2.53) may be expressed as

ωv · Dtv + ωDtu + → ·H→→ · (v · ω) → h → f · v = 0 .

Writing the term → · (v · ω) in index notation, we have

→ · (v · ω) = ↑i(v
j ωj

i)

= vj ↑iωj
i + ωj

i↑iv
j

= v · (→ · ω) + ω :G .

.

Thus the full expression may be rewritten in the form

v · (ωDtv→→ · ω → f) + ωDtu + → ·H→ ω :G→ h = 0 ,

in agreement with equation (2.54).
Problem 2.2 Conservation of energy (2.56) is readily translated in Eulerian coordinates
and index notation as

ε (ϑtu + vi↑iu) + ↑iH
i = ωi

j Gi
j + h .

To obtain the Lagrangian version, we multiply by the Jacobian J and use the relation-
ship ϖ̊U = Jεu and define h̊ ↓ J h , and H̊I ↓ J H i (F→1)I i = J HI . We find

J ε (ϑtu + vi↑iu) + J ↑iH
i = J ωi

j Gi
j + h̊ .

Next, we use the fact that
ϖ̊ ϑTU = J ε (ϑtu + vi↑iu)

such that we have
ϖ̊ ϑTU + J ↑iH

i = J ωi
j Gi

j + h̊ .

Next, we use expression (1.92) and relationship (2.12) between the Cauchy stress and the
first Piola-Kirchho! stress to write

J ωi
j Gi

j = J ωi
j Gi

j

= J ωi
j (F→1)I j ϑTF

i
I

= Pi
I ϑTF

i
I ,

and so
ϖ̊ ϑTU + J ↑iH

i = P i
I ϑTF

i
I + h̊ .

Finally, we have

J ↑iH
i = J ↑IH

I

= J ϑIH
I + J ”J

JI H
I

= ϑI(J HI) →HI ϑIJ + J ”J
JI H

I

= ϑIH̊
I + (”J

JI → J→1 ϑIJ) H̊I

= ϑIH̊
I + ”J

JI H̊
I



where in the last equality we used (1.168). Thus we finally obtain the desired result:

ϖ̊ ϑTU + ↑̊IH̊
I = P i

I ϑTF
i
I + h̊ ,

where ↑̊IHI = ϑIH̊I + ”̊I
IJ H̊

J .
Problem 2.3 From equation (2.97) we find that

ϑgKL

ϑϑIϱi
= gkω

ϑϑKϱk

ϑϑIϱi
ϑLϱ

ω + gkω ϑKϱk ϑϑLϱω

ϑϑIϱi

= gkω ς
I
K ςki ϑLϱ

ω + gkω ϑKϱk ςIL ςωi

= gij ς
I
K ϑLϱ

j + gij ϑKϱj ςIL

= (ςIK ςJL + ςIL ςJK) gij ϑJϱ
j ,

in agreement with (2.98).
Problem 2.4 Upon dividing equation (2.102) by the Jacobian of the motion J and using
equations (1.238), (2.12), and (1.98), we find

P ϑTU = 2P

(
ϑU

ϑgIJ

)

S

ϑT gIJ = 1

2
ωIJ ϑT gIJ ,

where ωIJ are defined by (2.106). The tensor version of this expression is equation (2.105).
Problem 2.5. Expressed in Lagrangian components, equation (2.109) is

ϑTω
IJ + (↑KvK)ωIJ = aIJKLDKL .

According to (F.154), in Lagrangian coordinates,

(Lvω
ε)IJ = ϑTω

IJ = (Dtω
ε)IJ → ωKJ ↑KvI → ωIK ↑KvJ

= (Dtω
ε)IJ → ωKJ GI

K → ωIK GJ
K ,

and thus
(Dtω

ε)IJ →GI
K ωKJ → ωIK GJ

K + (↑KvK)ωIJ = aIJKLDKL .

The tensor form of this is equation (2.111). Using the decomposition (1.84) and the defini-
tion of the Zaremba-Jaumann rate (1.118) then leads to equation (2.112).
Problem 2.6. Setting D = 0 in equation (2.112) immediately leads to the desired expres-
sion (2.113).
Problem 2.7. Upon substituting relationship (2.6) into equation (2.114), we find

ϑT (J→1 φ IJ) + (↑KvK) (J→1 φ IJ) = J→1 ϑT φ
IJ → J→2 φ IJ ϑTJ + (↑KvK) (J→1 φ IJ)

= J→1 ϑT φ
IJ

= aIJKLDKL ,

where we used the evolution equation (1.164). This result is in agreement with equa-
tion (2.115).
Problem 2.8. Upon setting D = 0 in equation (2.118), we find that

Lva = 0 .



According to (F.154), in Lagrangian coordinates,

(Lva)IJKL = ϑTa
IJKL

= (Dta)IJKL → aMJKL↑MvI → aIMKL↑MvJ → aIJML↑MvK → aIJKM ↑MvL

= (Dta)IJKL → aMJKLGI
M → aIMKLGJ

M → aIJMLGK
M → aIJKM GL

M .

Upon setting D = 0 in this expression, we find that

(Lva)IJKL = (Dta)IJKL → aMJKLW I
M → aIMKLW J

M → aIJMLWK
M → aIJKM WL

M

= (Ja)IJKL

= 0 ,

in agreement with equation (2.121).
Problem 2.9. As stated after equation (2.125), the assumption is that the elements of the
elastic tensor #IJKL are independent of the convected time T . Thus, trivially, ϑT#IJKL =
0 , which has the tensor expression (2.133).
Problem 2.10. We have, using (2.155), (2.156), and (1.327),

ωi = cij :Ej

= 1

8
cijkωmn e

k ↔ eω ↗ em ↔ en : 1
2
Ejp ↼

pqr eq ↔ er

= 1

8
cijkωmnEjp ↼

pqr (ςmq ς
n
r → ςnq ς

m
r) e

k ↔ eω

= 1

4
cijkωmnEjp ↼

pmn ek ↔ eω

= 1

4
cipjq ↼pkω ↼qmnEjr ↼

rmn ek ↔ eω

= 1

2
cipjq ↼pkω ς

r
q Ejr e

k ↔ eω

= 1

2
ωip ↼pkω e

k ↔ eω .

Problem 2.11. Upon dividing the Euler-Lagrange equation (2.177) by the Jacobian of
the motion J , using the Lagrangian version of conservation of mass (1.238) , and prop-
erty (1.168), we find

J→1(ε0 ϑ2

Tϱ
i → ϑIP

iI → P iI ”0K
IK )

= P ϑ2

Tϱ
i → ϑI(J

→1 P iI) → J→2 P iI ϑIJ → J→1P iI ”0K
IK

= P ϑ2

Tϱ
i → ϑI(J

→1 P iI) → J→1 P iI (”K
IK → ”0K

IK ) → J→1P iI ”0K
IK

= P ϑ2

Tϱ
i → ϑI(J

→1 P iI) → J→1P iI ”K
IK .

Next, upon substituting relationship (2.180) between the first Piola-Kirchho! stress and
the Cauchy stress we obtain

P ϑ2

Tϱ
i → ϑI(J

→1 P iI) → J→1P iI ”K
IK

= ε (ϑtv
i + vj ϑjv

i) → F i
I ϑJω

IJ → ωIJ ϑJF
i
I → F i

I ω
IJ ”K

JK

= ε (ϑtv
i + vj ϑjv

i) → F i
I ϑJω

IJ → ωKJ F i
I (F→1)IkϑJF

k
K → F i

I ω
IJ ”K

JK

= ε (ϑtv
i + vj ϑjv

i) → F i
I (ϑJω

IJ + ωKJ ”I
JK + ωIJ ”K

JK)

= ε (ϑtv
i + vj ϑjv

i) → F i
I ↑Jω

IJ

= ε (ϑtv
i + vj ϑjv

i) → ϑjω
ij

= 0 ,



where we have used equations (1.48) and the definition of the covariant derivative.
Problem 2.12. Using Nanson’s relation (2.183) in (2.178) yields

[
P iI n̂I

]+
→ d̊S =

[
J→1 F j

I P
iI n̂j

]+
→ dS

=
[
ωij n̂j

]+
→ dS .

The tensor form is (2.183).
Problem 2.13.

We start with (2.199), the Eulerian form of conservation of linear momentum, namely

ϑt(ε v
i) = ↑j(ω

ij → ε vi vj) + ε gi .

The Euler derivative of the mass flux in Eulerian spatial components is given by

[dt(ωv)]i = ϑt(ε v
i) .

We use the Euler derivative in Lagrangian spatial components (1.110) for the mass flux ωv :

[dt(ωv)]I = ϑT (ϖ vI) → vJ ↑J(ϖ vI) + ϖ vJ ↑Jv
I .

Using this transformation, we may rewrite conservation of linear momentum in the La-
grangian form

ϑT (ϖ vI) → vJ ↑J(ϖ vI) + ϖ vJ ↑Jv
I = ↑J(ωIJ → ϖ vI vJ) + ϖ gI .

Rearranging these terms leads to the desired expression:

ϑT (ϖ vI) + ϖ (↑Jv
I) vJ + ϖ vI ↑Jv

J = ↑Jω
IJ + ϖ gI .

Problem 2.14. According to (1.214), we have

Lvp
I = Lvp

I + pJ ↑JV
I

= Lv(ϖ vI ε) + ϖ vJ ↑JV
I ε

= ϖ vI Lvε + [ϑT (ϖ vI) + ϖ vJ ↑JV
I ] ε

= [ϑT (ϖ vI) + ϖ vJ ↑JV
I + ϖ vI ↑Jv

J ] ε .

This is the left-hand side of expression (2.202). We also have

DωI = dωI + !I
J ↔ ωJ

= d
(
1

2
ωIJ ↼JKL eK ↔ eL

)
+ 1

2
”I
NJ ω

JM ↼MKL eN ↔ eK ↔ eL

= 1

2
ϑM

(
ωIJ G

)
G ↼JKL eM ↔ eK ↔ eL + ”I

NJ ω
JM ςM

N ε

=
(
ϑJω

IJ + ωIJ G ϑJG + ”I
MJ ω

JM
)
ε

=
(
ϑJω

IJ + ωIJ ”K
JK + ”I

JM ωMJ
)
ε

= ↑Jω
IJ ε ,

where we used relationships (1.136), (G.57) and (D.117). Finally, using fI = ϖ gI ε , we
obtain the desired result.



Problem 2.15. Expressed as a matrix, the determinant of equation (2.213) is

∣∣∣∣
ϑX ↑µ

ϑXϑ

∣∣∣∣ =

∣∣∣∣∣∣∣∣

1 + ↼ϑ ϑ0↽0
ϑ ↼ϑ ϑ1↽0

ϑ ↼ϑ ϑ2↽0
ϑ ↼ϑ ϑ3↽0

ϑ

↼ϑ ϑ0↽1
ϑ 1 + ↼ϑ ϑ1↽1

ϑ ↼ϑ ϑ2↽1
ϑ ↼ϑ ϑ3↽1

ϑ

↼ϑ ϑ0↽2
ϑ ↼ϑ ϑ1↽2

ϑ 1 + ↼ϑ ϑ2↽2
ϑ ↼ϑ ϑ3↽2

ϑ

↼ϑ ϑ0↽3
ϑ ↼ϑ ϑ1↽3

ϑ ↼ϑ ϑ2↽3
ϑ 1 + ↼ϑ ϑ3↽3

ϑ

∣∣∣∣∣∣∣∣

↘ (1 + ↼ϑ ϑ0↽
0
ϑ)(1 + ↼ϑ ϑ1↽

1
ϑ)(1 + ↼ϑ ϑ2↽

2
ϑ)(1 + ↼ϑ ϑ3↽

3
ϑ)

↘ 1 + ↼ϑ ϑ0↽
0
ϑ + ↼ϑ ϑ1↽

1
ϑ + ↼ϑ ϑ2↽

2
ϑ + ↼ϑ ϑ3↽

3
ϑ

= 1 + ↼ϑ ϑµ↽
µ
ϑ ,

where we retained only first-order terms in ↼ϑ .
Problem 2.16. For a translation in space (2.210), we use ↽0

ϑ = 0 , ↽J
0 = 0 , and ↽J

I = ςJ I
in the generic change (2.212). Thus, setting ⇀ = I in equation (2.223) we find

ϑ0JI
0 + ϑJJI

J = 0 ,

where the current density has components

JI
0 =

ϑL

ϑϑTϱi
ϑIϱ

i ,

JI
J =

ϑL

ϑϑJϱi
ϑIϱ

i → ςJ I L ,

as stated.
Problem 2.17. We have

JI
0 =

ϑL

ϑϑTϱi
ϑIϱ

i = ε0 ϑTϱ
j ϑIϱ

i ςij ,

and so
ϑTJI

0 = ε0 ϑ2

Tϱ
j ϑIϱ

i ςij + ε0 ϑTϱ
j ϑTϑIϱ

i ςij .

We also have

JI
J =

ϑL

ϑϑJϱi
ϑIϱ

i → ςJ I L = → Pi
J ϑIϱ

i → ςJ I ε
0
(
1

2
ϑTϱ

i ϑTϱ
j ςij → U

)
,

and so

ϑJJI
J = → ϑJPi

J ϑIϱ
i → Pi

J ϑJϑIϱ
i → (ϑIε

0)
(
1

2
ϑTϱ

i ϑTϱ
j ςij → U

)

→ ε0 ϑTϱ
i ϑI ϑTϱ

j ςij + Pi
J ϑJϑIϱ

i + ε0 ϑIU

= → ϑJPi
J ϑIϱ

i → (ϑIε
0)

(
1

2
ϑTϱ

i ϑTϱ
j ςij → U

)

→ ε0 ϑTϱ
i ϑI ϑTϱ

j ςij + ε0 ϑIU .

Upon combining the expressions for ϑTJI0 and ϑJJIJ , we find equation (2.229).
Problem 2.18. For a translation in time (2.209), we use ↽0

0 = 1 in the generic change (2.212);
all other elements vanish. Thus, setting ⇀ = 0 in equation (2.223) we find

ϑ0J0
0 + ϑJJ0

J = 0 ,



where the current density has components

J0
0 =

ϑL

ϑϑTϱi
ϑTϱ

i → L ,

J0
J =

ϑL

ϑϑIϱi
ϑTϱ

i .

Problem 2.19. Start by writing out (2.268), assuming Cartesian Eulerian coordinates for
simplicity

1

2
Lv(v2 ϑ) + Lve = vi f i + h + dvi ↔ ωi + vi dωi → dH ,

where ϑ denotes the mass three-form (1.224), which is conserved, (1.228). Thus, we have,

(Lvvi) v
i ϑ + Lve = vi f i + h + dvi ↔ ωi + vi dωi → dH ,

or, again using conservation of mass, Lvϑ = 0 ,

vi (Lvpi → dωi → fi) + Lve = dvi ↔ ωi → dH ,

where pi = vi ϑ = ε vi ε . Upon using the form version of conservation of linear momen-
tum (2.196), we obtain the desired result for conservation of energy.
Problem 2.20. Given the Lagrangian density (2.360), we have

ϑL

ϑϑTϱi
= ε0 (ϑTϱ

j + ↼jmn $m ϱn) ςij ,

ϑL

ϑϑIϱi
= → Pi

I ,

ϑL

ϑϱi
= ε0 ↼ωki $

k (ϑTϱ
j + ↼jmn $m ϱn) ςωj ,

and thus the Euler-Lagrange equations (2.361) are

ϑ

ϑT

ϑL

ϑϑTϱi
+

ϑ

ϑXI

ϑL

ϑϑIϱi
→ ϑL

ϑϱi
= ε0 ϑ2

Tϱ
j ςij + ε0 ↼imn $m ϑTϱ

n → ϑIPi
I

→ ε0 ↼jki $
k ϑTϱ

j → ε0 ↼jki $
k ↼jmn $m ϱn

= ε0 ϑ2

Tϱ
j ςij + ε0 ↼ijk $j ϑTϱ

k → ϑIPi
I

+ ε0 ↼ijk $j ϑTϱ
k + ε0 ↼ijk $j ↼kmn $m ϱn

= ε0 (ϑ2

Tϱ
j ςij + 2 ↼ijk $j ϑTϱ

k + ↼ikj $k ↼jmn $m ϱn)

→ ϑIPi
I ,

in agreement with (2.362).
Problem 2.21. Upon taking the gradient of (2.365), we find, working in Cartesian spatial
coordinates and using r = (x2 + y2 + z2)1/2 and ↑ir = ri/r ,

↑i⇁ = →
[
$2 ri → (” · r) $i

]

= → (ςiω ςjm → ςim ςjω) rω $j $m

= → ↼ijk ↼kωm rω $j $m

= [”≃ (”≃ r)]i .



Problem 2.22 In Cartesian coordinates, we have

1

⇐r→ r↑⇐ =
[
(x→ x↑)2 + (y → y↑)2 + (z → z↑)2

]→1/2
.

Therefore, for example

ϑ

ϑx

1

⇐r→ r↑⇐ = →
[
(x→ x↑)2 + (y → y↑)2 + (z → z↑)2

]→3/2
(x→ x↑) .

Using this result, equation (2.372) follows directly by taking the negative gradient of equa-
tion (2.371).
Problem 2.23. To prove relationship (2.389), we find from equation (2.386) that

ϑϑKϱk

ϑϑJsI
= ςkL

ϑϑKsL

ϑϑJsI
= ςkL ςJK ςLI = ςkI ς

J
K .

To prove relationship (2.390), we find from equation (2.387) that

ϑgKL

ϑϑJsI
= 2

ϑϑKsM

ϑϑJsI
(ςNL + ϑLs

N ) ςMN

= 2 ςJK ςMI (ςNL + ϑLs
N ) ςMN

= 2 ςJK ςIL + 2 ςJK ςNI ϑLs
N .

Thus

ε0
ϑU

ϑϑJsI
= ε0

ϑU

ϑgKL

ϑgKL

ϑϑJsI

= φKL (ςJK ςIL + ςJK ςNI ϑLs
N )

= ςIK φKJ + φKJ ϑKsL ςIL ,

in agreement with (2.390).
Problem 2.24.

The variations related to rotation were determined in Problem 2.20, and the variations
due to gravitation are given in Section 2.8.3. Combining these two contributions for the
motion in terms of the displacement yields the desired results.


