
Answers to problems

Problem 4.1. Upon making the substitutions XI → xi and sI → si in (2.388) we find

Eij = 1

2

[
ωik εjs

k + ωjk εis
k + (εis

k) ωkω (εjs
ω)
]

= 1

2

[
εjsi + εisj + (εisω) (εjs

ω)
]
.

Expressed in tensor notation, this becomes (4.1).
Problem 4.2. Upon taking the trace of (4.11) we find

tr(d) = tr(ω) ↑ 1

3
tr(ω) tr(I)

= tr(ω) ↑ 1

3
tr(ω) 3

= 0 .

Problem 4.3. We have

!ijmn !→1
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]
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ij ωmn
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1
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µ
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1
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2
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j
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=

(
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(
ϑ

2µ
↑ 1

3

)
ωkω ω

ij

+
1

2
(ωik ω

j
ω + ωiω ω
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Problem 4.4. In a fluid, the shear modulus µ vanishes, which implies that the elastic
tensor (4.9) takes the form

!ijkω = ϑ ωij ωkω .

Substitution of this elastic tensor in Hooke’s law (4.6) yields

T ij = ϑ ωij ↓ks
k .



Since in a fluid T ij = ↑p ωij , this result leads to the acoustic constitutive relationship (4.15).
Problem 4.5. In index notation, the Lagrangian density (4.17) takes the form

L̃(εts
i,↓is

j) = 1

2
ϖ ωij εts

iεts
j ↑ 1

2
ϱij !ijkω ϱkω .

Thus we have
εL̃

εεtsi
= ϖ ωij εts

j ,

εL̃

ε↓isj
= ↑ ωjm !imkω ϱkω ,

and the Euler-Lagrange equation (4.18) and boundary condition (4.19) become

ϖ ε2

t s
i = ↓j(!

ijkω ϱkω) ,

[n̂j !ijkω ϱkω]
+

→ = 0 .

The tensor form of these equations is as advertised.
Problem 4.6. Upon substitution of the plane wave (4.25) into the isotropic elastic wave
equation (4.20), we find

↑ ϖς2 a = ↑ (ϑ↑ 2

3
µ)k (k · a) ↑ µk (k · a) ↑ µk · ka

= ↑ (ϑ + 1

3
µ)k (k · a) ↑ µa (k · k)

= ↑ (ϑ + 4

3
µ)k (k · a) ↑ µ [a (k · k) ↑ k (k · a)] .

Upon dividing by ϖ we find

c2 a = φ2 k̂ (k̂ · a) + ↼2 [a (k̂ · k̂) ↑ k̂ (k̂ · a)]

= B · a ,

where c = ς/k , and where B is given by (4.27).
Problem 4.7. Continuity of traction as expressed by equation (4.22) implies at a fluid
solid boundary that

↑ pfluid n̂ = n̂ ·Tsolid ,

where we have used the fact that in a fluid Tfluid = ↑ pfluid I . Upon dotting this expression
with the unit outward normal to the fluid-solid boundary, n̂ , we obtain the desired result.
Problem 4.8. Upon substitution of the representation (4.36) into equation (4.32), we find

ε2

t→↽ = ↑→p ,

which implies the identity (4.38). Upon taking the divergence of definition (4.36) we find
from the acoustic constitutive relationship (4.15) that

p = ↑ ϑ→ · (ϖ→1→↽) ,

and using equation (4.38) on the left-hand side yields the wave equation (4.37) for the fluid
potential ↽ .



Problem 4.9. Upon substitution of the body force (4.44) into the wave equation (4.42)
we find

ϖ ε2

t s = → ·T↑→ · ε
= → ·Ttrue ,

where in the last equality we used the definition of the stress glut (4.40). Similarly, substi-
tution of the traction (4.44) into the boundary condition (4.43) yields

T · n̂ = n̂ · ε ,

which implies that
(T↑ ε) · n̂ = Ttrue · n̂ = 0 .

Problem 4.10. Upon substitution of the elastic tensor (4.9) into the definition of the
moment density tensor (4.58) we find

mij = !ijkω n̂k ”sω

= [(ϑ↑ 2

3
µ) ωij ωkω + µ (ωik ωjω + ωiω ωjk)] n̂k ”sω

= (ϑ↑ 2

3
µ) ωij n̂k ”sk + µ (n̂i ”sj + n̂j ”si) .

Since the slip direction is perpendicular to the fault normal, n̂k ”sk = 0 , which leads to
expression (4.61).
Problem 4.11. In the weak form, we have the contribution

∫

V
Ttrue :→s̃ dx3 =

∫

V
(T↑ ε) :→s̃ dx3

=

∫

V
T :→s̃ dx3 +

∫

V
ε :→s̃ dx3 .

where we used the stress glut (4.40). Upon substitution of the stress glut for an ideal
fault (4.57), we conclude that the source contribution is

∫

V
ε :→s̃ dx3 =

∫

!

m :→s̃ dx2 .

Problem 4.12. Upon substituting the body and surface force densities (4.59) into (4.80)
we find in components

si(x, t) = ↑
∫ t

→↑

∫

V
Gik(x,x

↓; t↑ t↓) ε↓
j(m

↓
kj ω!) dV↓ dt↓

+

∫ t

→↑

∫

εV
Gik(x,x

↓; t↑ t↓) n̂↓
j m

↓
jk ω! dS↓ dt↓

= ↑
∫ t

→↑

∫

V
Gik(x,x

↓; t↑ t↓) ε↓
j(m

↓
kj ω!) dV↓ dt↓

+

∫ t

→↑

∫

V
ε↓
j [Gik(x,x

↓; t↑ t↓)m↓
kj ω!] dV↓ dt↓

=

∫ t

→↑

∫

V
ε↓
jGik(x,x

↓; t↑ t↓)m↓
kj ω! dV↓ dt↓

=

∫ t

→↑

∫

!

ε↓
jGik(x,x

↓; t↑ t↓)mkj(x
↓, t↓) dS↓ dt↓ .



Problem 4.13. Upon substitution of equation (4.88) in the weak source (4.63) we find
∫

!

m :→s̃ dx2 = M :→s̃(xs)H(t↑ ts) .

Problem 4.14. In index notation, equation (4.173) implies

εi# = G

∫

V

ϖ(x↓) (xi ↑ x↓i)

↔x↑ x↓↔3 d3x↓ .

Thus, we have

εiεj# = G

∫

V

ϖ(x↓) ωij
↔x↑ x↓↔3 ↑

3 ϖ(x↓) (xi ↑ x↓i)(xj ↑ x↓j)

↔x↑ x↓↔5 d3x↓ ,

in agreement with (4.174).
Problem 4.15. In index notation, equation (4.176) is

⇀ = ↑ 1

2

[
$j $j xk xk ↑ ($j xj)

2
]
.

Thus we have

εi⇀ = ↑ 1

2
(2 $j $j xk ωik ↑ $j ωij $k xk ↑ $j xj $k ωik)

= ↑ $j $j xi + $i $j xj

= ϱijk ϱkωm $j $ω xm ,

and

εiεj⇀ = ↑ $k $k ωij + $i $j ,

in agreement with equations (4.177) and (4.178).
Problem 4.16. We have

P2(cos ⇁) = 1

2
(3 cos2 ⇁ ↑ 1) ,

and substitution in equation (4.199) yields the desired equality.
Problem 4.17. Substitution of # = ω#(r)P2(cos ⇁) and ϖ = ωϖ(r)P2(cos ⇁) into Poisson’s
equation (4.169) in spherical coordinates, using the Legendre equation at degree 2, namely,

d2P2

d⇁2
+ cot ⇁

dP2

d⇁
+ 6P2 = 0 ,

yields
1

r2
d

dr

(
r2

dω#

dr

)
↑ 6

r2
ω# = 4πGr ωϖ ,

and substitution of equation (4.201) on the right-hand side yields the desired form. Integra-
tion of equation (4.203) over a “pill box” that spans an internal discontinuity at radius r = d ,
usingf continuity of ω# , leads to the second boundary condition in (4.204).
Problem 4.18. In index notation, equation (4.227) becomes

ϖ0 U = T 0

ij Eij + 1

2
Eij %ijkωEkω ,



and the Lagrangian strain (4.1) is

Eij = 1

2
[εisj + εjsi + (εisk) (εjsk)] .

Upon substitution, we find to second-order in the gradient of the displacement field that

ϖ0 U = T 0

ij ϱij + 1

2
T 0

ij (εisk) (εjsk) + 1

2
ϱij %ijkω ϱkω ,

where ϱij = 1

2
(εisj + εjsi) . The tensor form of this expression is the second expression in

equation (4.227).
Problem 4.19. Upon substitution of equation (4.228) into equation (4.229), we find in
index notation

ϖ0 U = T 0

ij ϱij + 1

2
(εjsi) &ijkω (εωsk)

= T 0

ij ϱij + 1

2
(εjsi) (%ijkω + T 0

ωj ωik) (εωsk)

= T 0

ij ϱij + 1

2
ϱij %ijkω ϱkω + 1

2
(εjsi)T

0

ωj (εωsi) ,

in agreement with the second expression in equation (4.227).
Problem 4.20. First, we note that

G

∫

V

ϖ(x) ϖ(x↓) s · (x↑ x↓)

↔x↑ x↓↔3 dV ↓ = ϖ s · G
∫

V

ϖ(x↓)(x↑ x↓)

↔x↑ x↓↔3 dV ↓

= ↑ ϖ s ·→#

where we used (4.173) in the last equality. Next, we have

1

2
G

∫

V
ϖ(x) ϖ(x↓) s ·!(x,x↓) · s↓ dV ↓ = 1

2
ϖ s ·G

∫

V
ϖ(x↓)!(x,x↓) · s↓ dV ↓

= ↑ 1

2
ϖ s ·→φ

where we used (4.226) in the last equality. Finally, we have

1

2
G

∫

V
ϖ(x) ϖ(x↓) s ·!(x,x↓) · s dV ↓ = 1

2
ϖ s ·G

∫

V
ϖ(x↓)!(x,x↓) dV ↓ · s

= 1

2
ϖ s ·→→# · s ,

where in the last equality we used (4.174). Using these results, we may rewrite (4.242) in
the form

L̃(s, εts,→s) = 1

2
ϖ ↔εts + ”↗ (x + s)↔2 ↑ 1

2
ϖ ↔”↗ x↔2

↑ ϑ0 :ϖ↑ 1

2
(→s)t :# : (→s)t

↑ ϖ s ·→# ↑ 1

2
ϖ s ·→φ↑ 1

2
ϖ s ·→→# · s .

We have

↔εts + ”↗ (x + s)↔2 ↑ ↔”↗ x↔2 = εts · εts↑ 2 (x + s) · (”↗ εts)

+ 2 (”↗ s) · (”↗ x) + ↔”↗ s↔2

= εts · εts↑ 2 (x + s) · (”↗ εts) ↑ 2 s ·→⇀ ↑ s ·→→⇀ · s ,



where in the last equality we used (4.177) and (4.178). Combining the last two expressions
yields the second equality in expression (4.242).

Problem 4.21. We have

L̃(s, εts,→s) = 1

2
ϖ [εts · εts↑ 2 (x + s) · (”↗ εts) ↑ s ·→→⇀ · s↑ 2 s ·→⇀]

↑ ϑ0 :ϖ↑ 1

2
(→s)t :# : (→s)t

↑ ϖ s ·→# ↑ 1

2
ϖ s ·→φ↑ 1

2
ϖ s ·→→# · s

= 1

2
ϖ [εts · εts↑ 2 (x + s) · (”↗ εts)]

↑→ · (ϑ0 · s) + s · (→ · ϑ0) ↑ 1

2
(→s)t :# : (→s)t

↑ ϖ s ·→(# + ⇀) ↑ 1

2
ϖ s ·→φ↑ 1

2
ϖ s ·→→(# + ⇀) · s

= 1

2
ϖ [εts · εts↑ 2 (x + s) · (”↗ εts)]

↑→ · (ϑ0 · s) ↑ 1

2
(→s)t :# : (→s)t

↑ 1

2
ϖ s ·→φ↑ 1

2
ϖ s ·→→(# + ⇀) · s ,

where we have used the equilibrium condition (4.182). The term → · (ϑ0 · s) integrates out
using vanishing of the surface traction, n̂ · ϑ0 = 0.

Problem 4.22. Variation of the term ↑ 2 ϖx · (” ↗ εts) with respect to εts yields the
time-independent term 2 ϖ” ↗ x . Di’erentiation of this term with respect to time in the
Euler-Lagrange equations makes it vanish.

Problem 4.23. We have by exchanging i and k in (4.271)

ϖBki = &kjiω k̂j k̂ω

= &kωij k̂ω k̂j

= &ijkω k̂j k̂ω

= ϖBik .

where in the third equality we used the symmetry (4.230).

Problem 4.24. Substitution of equation (4.276) yields

↓j(&ijkω↓ωsk) ↑ ϖ sj↓j↓i(# + ⇀)

= ↓j(!ijkω ϱkω) ↑ (↓ip
0)↓ksk + (↓jp

0)↓isj

↑↓j [ϖ sj ↓i(# + ⇀)] + ↓j(ϖ sj)↓i(# + ⇀)

+ ↓j [
1

2
(▷0ij ϱkk + ▷0kω ωijϱkω) ↑ ▷0ik ϱjk + ▷0jk ςik]

= ↓j(!ijkω ϱkω) ↑↓j(sj ↓ip
0) + ↓i(sj↓jp

0)

↑↓j [ϖ sj ↓i(# + ⇀)] + ↓j(ϖ sj)↓i(# + ⇀)

+ ↓j [
1

2
(▷0ij ϱkk + ▷0kω ωijϱkω) ↑ ▷0ik ϱjk ↑ ▷0jk ςki] .

Now we use the equilibrium condition (4.182), namely,

↓jp
0 = ↓k▷

0

jk ↑ ϖ↓j(# + ⇀) ,



such that

↓j(&ijkω↓ωsk) ↑ ϖ sj↓j↓i(# + ⇀)

= ↓j(!ijkω ϱkω) ↑↓i[ϖ sj ↓j(# + ⇀)] + ↓j(ϖ sj)↓i(# + ⇀) + ↓i(sj ↓k▷
0

jk)

↑↓j(sj ↓k▷
0

ik) + ↓j [
1

2
(▷0kω ωij ϱkω ↑ ▷0ij ϱkk) + ςik ▷

0

kj ↑ ▷0ik ςkj + ▷0ij ϱkk ↑ ▷0ik ↓ksj ]

= ↓j(!ijkω ϱkω) ↑↓i[ϖ sj ↓j(# + ⇀)] + ↓j(ϖ sj)↓i(# + ⇀) + ↓i(sj ↓k▷
0

jk)

+ ↓j [
1

2
(▷0kω ωij ϱkω ↑ ▷0ij ϱkk) + ςik ▷

0

kj ↑ ▷0ik ςkj ]

+ ↓j(▷
0

ij ↓ksk ↑ ▷0ik ↓ksj) ↑↓j(sj ↓k▷
0

ik)

= ↓j(!ijkω ϱkω) ↑↓i[ϖ sj ↓j(# + ⇀)] + ↓j(ϖ sj)↓i(# + ⇀)

+ ↓j [
1

2
(▷0kω ωij ϱkω ↑ ▷0ij ϱkk) + ςik ▷

0

kj ↑ ▷0ik ςkj ]

+ ↓i(sj ↓k▷
0

jk) ↑↓j(sk ↓k▷
0

ij) ,

as required.


