Answers to problems

Problem 4.1. Upon making the substitutions X! — 2% and s — s’ in (2.388) we find
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Expressed in tensor notation, this becomes (4.1).
Problem 4.2. Upon taking the trace of (4.11) we find

tr(d) = tr(e) — 3 tr(e) tr(I)
= tr(e) — 3 tr(e) 3
=0.
Problem 4.3. We have
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Problem 4.4. In a fluid, the shear modulus p vanishes, which implies that the elastic
tensor (4.9) takes the form
Fijk:é _ K/&z] 61@5 ]

Substitution of this elastic tensor in Hooke’s law (4.6) yields

T = k69 Vjs".



Since in a fluid 7% = —p§% | this result leads to the acoustic constitutive relationship (4.15).
Problem 4.5. In index notation, the Lagrangian density (4.17) takes the form

[N/(atsi, V,‘Sj) = % ,O(Sij 8tsi8tsj - % €ij Fijkz €Ly -
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and the Euler-Lagrange equation (4.18) and boundary condition (4.19) become
,o(‘)fsi = Vj (Fiﬂd EM) s
[0 [kt ekg]t =0.

The tensor form of these equations is as advertised.
Problem 4.6. Upon substitution of the plane wave (4.25) into the isotropic elastic wave
equation (4.20), we find

—pwla = —(/<a—%u)k(k-a)—uk(k-a)—uk-ka
= (st L)k (k-a) - pa(koK)
= (et )k (k- a) — prfa (k) — (k- a)]

Upon dividing by p we find

where ¢ = w/k, and where B is given by (4.27).
Problem 4.7. Continuity of traction as expressed by equation (4.22) implies at a fluid
solid boundary that

— Puid 1 = 0 - Tyqiq ,

where we have used the fact that in a fluid Tguq = — pawia I Upon dotting this expression
with the unit outward normal to the fluid-solid boundary, i, we obtain the desired result.
Problem 4.8. Upon substitution of the representation (4.36) into equation (4.32), we find

8t2VX = —Vp,

which implies the identity (4.38). Upon taking the divergence of definition (4.36) we find
from the acoustic constitutive relationship (4.15) that

p=—-sV-(p'Vyx),

and using equation (4.38) on the left-hand side yields the wave equation (4.37) for the fluid
potential y .



Problem 4.9. Upon substitution of the body force (4.44) into the wave equation (4.42)
we find

where in the last equality we used the definition of the stress glut (4.40). Similarly, substi-
tution of the traction (4.44) into the boundary condition (4.43) yields

T-n=n--,

which implies that
(T—~) n=Ty,e -n1=0.

Problem 4.10. Upon substitution of the elastic tensor (4.9) into the definition of the
moment density tensor (4.58) we find

m =T p, Asy
= [(k — 3 p) 07 6" + p (5% 67 + 6% 67%)] fup. Asy
= (k— 2 p) 67 A" Asy, + (7' As? + 7d As').

Since the slip direction is perpendicular to the fault normal, #* As; = 0, which leads to
expression (4.61).
Problem 4.11. In the weak form, we have the contribution

/Ttrue:V§dﬂc3 = /(T—’y):Véda:3
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= /T:Védm?’—l—/fy:Véde‘.
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where we used the stress glut (4.40). Upon substitution of the stress glut for an ideal
fault (4.57), we conclude that the source contribution is

/fy:Védac?’:/m:Véd:rQ.
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Problem 4.12. Upon substituting the body and surface force densities (4.59) into (4.80)
we find in components

t
si(x,t) = —/ /‘/Gik(x,x’;t—t’) 95 (my,; o) dV' dt’
t
+ / Gip(x,x';t —t) ﬁ; m;k Oy dS dt’
—o0 J OV
¢
= / /‘/Gik(x,xl;tt') Bé(mgcj ds) dV'dt/
t
/ / / / ! /
—l—/_oo/vé?j[Gik(x,x;t—t)mkjdg] dv'dt
¢
= / /V@;-Gik(x,x’;t—t/) mﬂcj Os dV' dt’

t
= / /EaéGik(x, x'st — ") my(x',t') dS" dt’ .



Problem 4.13. Upon substitution of equation (4.88) in the weak source (4.63) we find
/ m:V§dz® = M:V5§(x,) H(t — t,).
b

Problem 4.14. In index notation, equation (4.173) implies
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Thus, we have
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in agreement with (4.174).
Problem 4.15. In index notation, equation (4.176) is

77[1 = — % [Qj Qj T Tl — (QJ ZL‘j)Q] .
Thus we have
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and
8i8j1/1 = — O Qy 5z‘j + Q; Qj ,

in agreement with equations (4.177) and (4.178).
Problem 4.16. We have
Py(cosf) = 3 (3 cos®0 — 1),

and substitution in equation (4.199) yields the desired equality.
Problem 4.17. Substitution of ® = §®(r)Pa(cos ) and p = dp(r) Pa(cosf) into Poisson’s
equation (4.169) in spherical coordinates, using the Legendre equation at degree 2, namely,

d2P2 dpP;
yields
1 d o d6P 6
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and substitution of equation (4.201) on the right-hand side yields the desired form. Integra-
tion of equation (4.203) over a “pill box” that spans an internal discontinuity at radius r = d,
usingf continuity of §® , leads to the second boundary condition in (4.204).

Problem 4.18. In index notation, equation (4.227) becomes

U = Tl% Eij+ % Eij Eijie Ere



and the Lagrangian strain (4.1) is
Eij = % [81‘8]' + ajSi + (alsk) (Bjsk)] .
Upon substitution, we find to second-order in the gradient of the displacement field that

R em (6 s) (081) + 3 €ij Zijne €ke s

where €;; = %(ﬁisj + 0js;) . The tensor form of this expression is the second expression in
equation (4.227).

Problem 4.19. Upon substitution of equation (4.228) into equation (4.229), we find in
index notation

PPU =T e+ 5 (958:) Nijie (Oesi)
TO €j + + 1 (881) (Eijre + Teoj k) (Oesk)
= TO €5 + é €ij —*z]kf €k + 5 (8 SZ) Téj (8581) )

in agreement with the second expression in equation (4.227).
Problem 4.20. First, we note that

—x! / I
\X X’H3 v Ix=x?
= —ps- Vo
where we used (4.173) in the last equality. Next, we have
1G/ )s - I(x,x') -8 dV’ zéps-G/p(x')H(x,x’)s’ v’
\%4
= —5ps V9
where we used (4.226) in the last equality. Finally, we have
lG/ )s - II(x,x') - s dV’ :%ps~G/p(x’)H(x,X’)dV’-s
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:%ps-VVCI)-s,

where in the last equality we used (4.174). Using these results, we may rewrite (4.242) in
the form
L(s, 05, Vs) = 5pl|0s + Q2 x (x+35)|> — 5 0|2 x x|
—o%e— 2 (Vs)':A:(Vs)'
—ps-VO—1ps - Vé—3ps-VVO-s.
We have
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+2(Q2xs) (2xx)+[|Qxs|?
=0s-0s—2(x+8)- (W xs)—2s-Vip—s-VVy s,



where in the last equality we used (4.177) and (4.178). Combining the last two expressions
yields the second equality in expression (4.242).
Problem 4.21. We have

L(s, d;s, Vs) =1plOs-Os—2(x+5) (2% s) —s-VV¢-s—2s- V]
—0%:e— 3 (Vs):A:(Vs)
—ps~V<I>—%ps-V¢—%ps-VV(I>-s

=1p[Os-Os—2(x+s) (2 x Is)]
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where we have used the equilibrium condition (4.182). The term V - (¢ - s) integrates out
using vanishing of the surface traction, n-o® = 0.

Problem 4.22. Variation of the term — 2px - (€2 x 0ys) with respect to d;s yields the
time-independent term 2 p 2 x x. Differentiation of this term with respect to time in the
Euler-Lagrange equations makes it vanish.

Problem 4.23. We have by exchanging ¢ and k in (4.271)

pBri = Ajiokj ke
= Apeij ke kj
= Nyjke ki ky
= pBi.

where in the third equality we used the symmetry (4.230).
Problem 4.24. Substitution of equation (4.276) yields

Vji(AijeeVesk) — psiViVi(® + ¢)
= V;(Tijkeere) — (Vip°) Visk + (V;p°) Vis;

= Vilps; Vi@ +¢)] + Vj(ps;) V '(‘I’+"</f)

+ Vi[5 (735 € + TR Sijene) — Tig, €k + Tji win]
= V;(Tijre ere) — V(s Vip®) + Vi(s;V;p°)

= Vilps; Vi(@ + )]+ V(ps;) Vi(® +¢)

+ Vj[% (Tioj €rk + T,Sg dij€re) — TZQ,C €jk — TJQk W) -

Now we use the equilibrium condition (4.182), namely,

Vi’ = Vit — pVi(® + ),



such that
V;i(AijkeVisk) — ps;ViVi(® + )
= Vi(Tijreere) — Vilps; V(@ + )] + Vj(ps;) Vi(® + ) + Vi(s; Vi)
— V(s Vitd) + Vj[% (72, ij €re — 73- €xk) + Wik T,Sj o Wrj + Tioj €rk — T, \xh
= Vi(Tijreere) — Vilps; V(@ + )] + V;i(ps;) Vi(® + ) + Vi(s; Virix)
+ Vj[% (2, 0ij €re — TZ-O]- €xk) + wik 7‘,8]- -7 Wij]
+ V(1) Viesk — ik Visj) — V(55 Vi)
= V;(Lijkeexe) — Vilps; V(@ +¥)] + V(ps;) Vi(@ +¢)
+ Vj[% (70 845 € — Tioj €xk) + Wik T,Qj — T3 Wi
+ Vils; Virih) = Vi(se Vati))

as required.



